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Understanding decoherence processes is crucial in the study of open quantum systems. In this
paper, we discuss the mechanism of pure-dephasing process with a newly proposed boson-boson
model, namely, a bosonic field coupled to another bosonic bath in thermal equilibrium. Our model
is fully solvable and can reproduce the pure-dephasing process which is usually described by the
well-known spin-boson model, therefore offering a new perspective to understanding decoherence
processes in open quantum systems of high dimension. We also show that this model admits a
generically non-Markovian dynamics with respect to various different non-Markovian measures.
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I. INTRODUCTION
Lying at the heart of many intriguing phenomena of
quantum systems, such as quantum interference [1] and
quantum entanglement [2], superposition property plays
a fundamental role in quantum theory. However, in real-
ity, quantum systems are usually open in the sense that
they are inevitably coupled to other systems (usually re-
ferred to as the environment/reservoir/bath). The super-
position property of an open quantum system is gradu-
ally lost during its dynamics, a process well known as
decoherence [3]. In some cases, if the decay rates of the
non-diagonal elements of the system density matrix are
much faster than the rate at which the system approaches
equilibrium, i.e., the diagonal terms are approximately
constants within that time scale, those dynamics usu-
ally can be modeled as pure-dephasing processes [4]. As
an important class of decoherence processes, understand-
ing pure-dephasing processes is of great importance both
in applications and concepts. They have been widely
used for studying photon emission [5, 6] and quantum
information processing [7–11]. From the fundamental
perspective, they are also useful for characterizing quan-
tum phase transition [12], quantum Zeno (anti-Zeno) ef-
fects [13], quantum-classical transition [14], and memory
effects in open quantum systems [15–19].
Roughly, pure-dephasing processes fall into two cate-
gories: spin-spin interactions [20–23] and spin-boson in-
teractions [24–26]. A distinct application of the former
case is that the system (a spin) could act as a probe
of quantum phase transition [12, 23], and the configu-
ration can be implemented with atoms in optical lat-
tices [21, 22]. While for the latter case, it plays an impor-
tant role in designing quantum registers [10, 11], which is
a critical step toward manufacturing quantum comput-
ers [8, 9].
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In this paper, we propose another pure-dephasing
model, i.e., a boson-boson pure-dephasing model. In this
model, the system of interest is a single-mode bosonic
field; the bath is composed of many bosonic fields;
and the system interacts with the bath modes through
cross-Kerr interaction. In the literature, the cross-Kerr
interaction between two bosonic modes (usually pho-
tonic modes) is widely studied for the implementation
of quantum gates [27] and the preparation of entangled
states [28, 29]. The situation studied here is that many
modes (the bath) interacts with a mode (the system)
through the cross-Kerr interaction. Because the interac-
tion term is the product of the system Hamiltonian and
an operator of the bath, the dynamics is pure dephasing.
Charactering non-Markovianity in open quantum sys-
tems has received great attention in recent years [30, 31].
In fact, this property has been widely studied in spin-
spin [20–23] and spin-boson models [24–26]. In this pa-
per, we show that the boson-boson interaction also ad-
mits non-Markovian dynamics for the system. However,
as shown in Ref. [32], since there is still no consensus on
the definition of quantum non-Markovianity [33], we em-
ploy three different non-Markovian criteria, namely, di-
visibility [31], quantum regression formula [34], and the
Wigner function [35, 36].
The paper is structured as follows. In Sec. II, we pro-
pose the boson-boson pure-dephasing model, and give the
exact solution of the system state when the initial bath
state is a thermal state. We show that the coherent prop-
erty, i.e., the off-diagonal elements of the system density
matrix, can be characterized by one particular function.
In Sec. III, we show that our model can reproduce the
pure-dephasing of a spin. Then we compare the dynam-
ics with that of a spin-boson pure-dephasing model. In
Sec. IV, we analyze the non-Markovian property of the
model. Finally, we summarize the main results in Sec. V.
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2II. THE BOSON-BOSON PURE-DEPHASING
MODEL
Consider an open quantum system consisting of a
single-mode bosonic field which interacts with a bosonic
bath. Following the standard description of open quan-
tum systems [37], the total Hamiltonian can be divided
into three parts
Htot = HS +HB +HSB , (1)
where HS, HB, and HSB represents the Hamiltonian of
the system, the bath and the interaction respectively. For
the boson-boson pure-dephasing model, they can be ex-
plicitly written as (~ ≡ 1, kB ≡ 1 throughout the text)
HS = ωSb
†b , (2)
HB =
∑
k
ωkb
†
kbk , (3)
HSB =
∑
k
λkb
†bb†kbk , (4)
where ωS, b
†, and b are the single-particle energy, cre-
ation operator, and annihilation operator of the system,
respectively; ωk, b
†
k, and bk are the single particle en-
ergy, creation operator, and annihilation operator of the
kth mode of the bath, respectively; λk is the coupling
strength. It is worth pointing out that each component,
λkb
†bb†kbk, in HSB represents the cross-Kerr interaction in
quantum optics [38], which indicates a possible physical
implementation of the boson-boson model.
From the Hamiltonian in Eqs. (2)-(4), it is easy to
see that HS commutes with HSB. That is, the particle
number (hence the energy) of the system is conserved
during the dynamics. In fact, the system will undergo
a pure-dephasing process in the energy basis due to the
interaction, which will be discussed in detail in following
subsections.
A. Exact solution of the system state
In the Schro¨dinger picture, the system state can gen-
erally be written as
ρS(t) = TrB{U(t)ρSB(0)U†(t)} , (5)
where ρSB(0) is the state of the total system at the
initial time and U(t) = exp{−i(HS + HB + HSB)t}.
Now we show that our model admits an exact solu-
tion of ρS(t). Assume that the initial state is a prod-
uct state, i.e., ρSB(0) = ρS(0) ⊗ ρB, where ρS(0) and
ρB are the initial system and bath state respectively.
One can rewrite ρS(0) in the Fock state basis as ρS(0) =∑
m,n Cmn|m〉〈n|. It then follows from Eq. (5) that
ρS(t) =
∑
m,n
Cmne
−i(m−n)ωSteη((m−n)t)|m〉〈n| , (6)
where
eη((m−n)t) = TrB{e−i(m−n)t
∑
k λknˆkρB} . (7)
and nˆk = b
†
kbk is the particle number operator of the kth
mode of the bath.
For any time t, it is easy to see from Eqs. (6) and (7)
that the diagonal matrix element Cnn(t) = Cnn, i.e., the
distribution of the particle number of the system is invari-
ant in time. Decoherence manifests itself in off-diagonal
terms in Eq. (6). This means that our model describes
a pure-dephasing process which is characterized by the
factors eη((m−n)t) (m 6= n). We call η(t) the dephasing
function and eη(t) the dephasing factor, which, as we will
show, fully account for the decoherence process in our
model. We further assume that the bath at the initial
time is in a thermal state, i.e., ρB = e
−HB/T /Z, where T
is the temperature of the bath and Z = TrB{e−HB/T } is
the bath’s partition function. In this case, the dephasing
function η(t) can be explicitly written as
η(t) =
∑
k
ln
(
1− e−ωk/T
1− e−ωk/T−iλkt
)
. (8)
In the continuous limit of the bath modes, η(t) reads
η(t) =
∫ ∞
0
dωgω ln
(
1− e−ω/T
1− e−ω/T−iλωt
)
, (9)
where the subscript ω stands for the ω-frequency mode
in the bath; gω is the density of states of bath; and λω
is the coupling strength function. The real part of η(t)
characterizes the time-dependence of the moduli of the
off-diagonal density matrix elements, while the imaginary
part of η(t) accounts for the system energy shift. Further-
more, whether the dynamics is Markovian or not depends
on both Re(η(t)) and Im(η(t)) (see Sec. IV).
Note that η(t) in Eq. (9) is the integral of
ln
(
1−e−ω/T
1−e−ω/T−iλωt
)
, with weight gω. This log function is
periodic with period 2pi/λω and the amplitude depends
on the temperature T . In fact, as the temperature in-
creases, the thermal fluctuation becomes more intensive,
leading to stronger dephasing dynamics of the system.
In the following, we will discuss the properties of η(t)
with some typical choices of the density function gω and
the coupling function λω.
B. Characterizations of the dephasing function
We first choose the density of states gω as follows:
gω = ω
s/g , (10)
where g is a constant [39] with s > −1. (The constant
g only impacts the scale of η(t), thus we set g = 1 here-
after.) Then we consider three different choices of the
coupling function λω. These three cases include that λω
3is the same for all ω; some modes are coupled more inten-
sively with the system; and λω is a monotonic function
of ω.
First, let λω = c, where c is a constant. Eq. (9) thus
can be rewritten as
η(t) = −Γ(1 + s)T 1+s (Li2+s(1)− Li2+s(e−ict)) , (11)
where Γ(1 + s) denotes the Gamma function, and
Li2+s(z) =
∑∞
k=1 z
k/k2+s denotes the polylogarithm
function [40]. η(t) in Eq. (9) has a period 2pi/λ. That
is, the system state will always recur after certain time,
which means there must be information backflow [30]. In
this sense, the system dynamics is non-Markovian.
Second, let λω be in the Lorentzian form. That is,
λω =
λ
1 + (ω − ω0)2/σ2 , (12)
where λ is the maximum coupling strength; ω0 is the
frequency of the mode which is most intensively cou-
pled with the system; and σ is the width parameter of
the Lorentzian function. In Fig. 1, we plot the real and
imaginary part of η(t) with respect to various choices of
temperature T and parameter s, where have set λ = 1,
ω0 = 1 and σ = 0.3. Note that for all those choices of
parameters, in the long-time asymptotic regime, the real
part of η(t) approaches to some steady value and the
imaginary part of η(t) approaches to zero, which indi-
cates that the off-diagonal elements of the system density
matrix will not decay to zero.
At low temperatures (T = 0.2~ω0/kB, for instance),
only low-energy bath modes will be involved in the inter-
action with the system. That is, the dephasing strength
is expected to be weak. In fact, as shown in Fig. 1, both
the values of the real and imaginary parts of η(t) for
T = 0.2~ω0/kB are bigger and oscillating less intensively
than that of other higher temperatures.
On the other hand, for a given temperature, as the pa-
rameter s increases, the contribution from the low-energy
bath modes decreases and that of the high-energy bath
modes will gradually dominate the dynamics. In terms
of the dephasing function η(t), the amplitude of its en-
velope oscillation, which is contributed by the system’s
interaction with the low-energy bath modes, should de-
creases with s increases. Indeed, as shown in Fig. 1, the
envelope oscillating for s = 0 is quite intensive; it be-
comes less intensive when s = 1, and almost vanishes
when s = 2.
Finally, we consider the case that λω is linearly depen-
dent on the frequency of bath modes. That is, λω = fω,
where f is a constant. In this case, η(t) can be written
as
η(t) = −Γ(1 + s)ζ(2 + s)T 1+s
(
1− 1
(1 + ifT t)
1+s
)
,
(13)
where ζ(2+s) =
∑∞
n=1 1/n
2+s denotes the Riemann zeta
function. This case will be further explored in Sec. IV C
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FIG. 1. Re(η(t)) and Im(η(t)) for s = 0, 1, 2 and T =
0.2, 0.4, 0.6, 0.8, 1.0~ω0/kB. λ and ω0 are both set as 1, and σ
is set as 0.3.
for the discussion on the non-Markovian properties of our
model.
III. REPRODUCING THE DEPHASING OF A
SPIN
For a spin-boson pure-dephasing model, its Hamilto-
nian can be typically written as [37]
Hsbtot =ωS |1〉〈1|+
∑
k
ωkb
†
kbk
+
∑
k
σz(λ˜kbk + λ˜
∗
kb
†
k) , (14)
where σz is the Pauli operator and λk describes the cou-
pling strength. Assume the system state at the initial
time is ρspin(0) =
(
r00 r01
r10 r11
)
. It is well-known that the
reduced system state has the analytical form [37]:
ρspin(t) =
(
r00 r01e
iωSt+η˜(t)
r10e
−iωSt+η˜(t) r11
)
, (15)
where
η˜(t) = −4
∑
k
|λ˜k|2 coth
(ωk
2T
) 1− cosωkt
ω2k
, (16)
4or (in the continuous limit of the bath modes)
η˜(t) = −4
∫ ∞
0
dωgω|λ˜ω|2 coth
( ω
2T
) 1− cosωt
ω2
, (17)
with gω denoting the density of states of the bath.
If the initial state of the system in our model (2)-(4) is
constraint to be in the form ρS(0) =
(
C00 C01
C10 C11
)
, where
“0” and “1” represent the particle number of the system,
the boson-boson model can reproduce the dephasing of
a spin. Specifically, the effective total Hamiltonian in
Eqs. (2)-(4) can be rewritten as
Hbbeff = ωS |1〉〈1|+
∑
k
ωkb
†
kbk +
∑
k
λk |1〉〈1| b†kbk , (18)
where |1〉 denotes the system state with one particle. The
system state is then given by
ρS(t) =
(
C00 C01e
iωSt+η
∗(t)
C10e
−iωSt+η(t) C11
)
. (19)
Quantitatively, Eq. (19) reproduces the result from the
spin-boson pure-dephasing model in Eq. (15), although
the mechanisms behind dephasing are different as obvi-
ously seen in the Hamiltonians. In fact, for non-zero
temperature cases, vacuum fluctuation and thermal fluc-
tuation could coexist in the spin-boson model [37]. While
in our boson-boson model, as discussed in Sec. II B, the
amplitude of the oscillation vanishes as the temperature
approaches zero, meaning that the dephasing is purely
induced from the thermal fluctuations in the bath.
IV. NON-MARKOVIAN PROPERTIES OF THE
BOSON-BOSON PURE-DEPHASING MODEL
In the previous two sections, we have shown that
our model possesses non-Markovian properties. In this
section, by employing three non-Markovian criteria, we
study the non-Markovianity in our model in more detail.
It is worth emphasizing that there are many differ-
ent approaches to qualifying non-Markovianity for open
quantum systems. In some papers, they are often referred
to as “measures” [41, 42]. However, while all these ap-
proaches are well justified in physics, generally they may
fail to reach a consensus when being applied to a specific
open system [33]. In fact, there is a quite complicated hi-
erarchical relation among different approaches [32]. For
this reason, we would refer to them as non-Markovian
witnesses in this paper. That is, they are sufficient
conditions for a non-Markovian system, but not neces-
sary. In particular, we consider two well-known crite-
ria based on divisibility [31] and quantum regression for-
mula [34], respectively. Furthermore, we propose our cri-
terion based on the Wigner function [38], and study the
non-Markovianity in our model with it.
A. Divisibility
The dynamics of an open quantum system can be de-
scribed by a family of dynamical maps {E(t, 0), t ≥ 0}.
That is,
ρS(t) = E(t, 0) ρS(0) , (20)
where E(t, 0) is defined as
E(t, 0)X := TrB
[
U(t, 0) (X ⊗ ρB)U†(t, 0)
]
(21)
for any system operator X [32]. By its definition, a dy-
namical map is completely positive and trace-preserving
(CPTP) [37]. From Eq. (6), it is easy to see that the dy-
namical map for the boson-boson pure-dephasing model
is given by
E(t, 0)ρS(0) =
∞∑
j,k=0
Cjke
−i(j−k)ωSt+η((j−k)t) |j〉〈k| , (22)
where ρS(0) =
∑∞
j,k=0 Cjk |j〉〈k|.
A widely employed definition of quantum Markovianity
is proposed in Ref. [31], where the dynamics of an open
quantum system is taken to be Markovian if and only if
its dynamical map is divisible. That is, for any t ≥ t′ ≥ 0,
there exists a CPTP map Q(t, t′) such that
E(t, 0) = Q(t, t′)E(t′, 0) . (23)
In Ref. [43], we show that for our model, a sufficient and
necessary condition for E(t, 0) being divisible is that the
dynamical map of an arbitrary subsystem is divisible. To
be specific, consider a subsystem described by a density
matrix ρn(0) =
∑n−1
j,k=0 ρjk |j〉〈k|, where |j〉 and |k〉 de-
note the number states and n ≥ 2 is an integer that is
not grater than the dimension of the system. The dynam-
ics of that subsystem can then be described by a family
of CPTP maps {En(t, 0), t ≥ 0} where En(t, 0) satisfies
that
En(t, 0)
n−1∑
j,k=0
ρjk |j〉〈k| =
n−1∑
j,k=0
ρjke
−i(j−k)ωSt+η((j−k)t) |j〉〈k| .
(24)
The corresponding master equation is
ρ˙n(t) = −i[HS, ρn(t)] +
n−1∑
j,k=0
η˙((j − k)t) |j〉〈j| ρn |k〉〈k| .
(25)
Following the method developed in Ref. [33], we can
rewrite Eq. (25) as
ρ˙n = −i[H ′S, ρn] +
n2−1∑
p,q=1
dpq(t)
(
GpρnGq − 1
2
{GqGp, ρn}
)
,
(26)
5where H ′S = H
′†
S ; {Gp : p = 0, 1, · · · , n2 − 1} satisfies
G0 =
In√
n
, Gp = G
†
p, Tr [GpGq] = δpq ; (27)
and
dpq(t) =
n−1∑
j,k=0
η˙((j − k)t) 〈j|Gp |j〉 〈k|Gq |k〉 . (28)
Note that {dpq(t) : p, q ∈ {1, 2, · · · , n2 − 1} form the
(n2− 1)× (n2− 1) Hermitian matrix dn(t) known as the
decoherence matrix [33]. En(t, 0) is divisible if and only
if dn(t) is positive-semidefinite, i.e., dn(t) ≥ 0 [33].
By choosing a specific representation, the Gp’s can be
classified as
Gdl =
diag{1, · · · , 1,−l, 0, · · · , 0}√
l(l + 1)
(1 ≤ l ≤ n− 1) ;
(29)
Gsjk =
1√
2
(|j〉〈k|+ |k〉〈j|) (0 ≤ k < j ≤ n− 1) ;
(30)
Gajk =
i√
2
(|j〉〈k| − |k〉〈j|) (0 ≤ k < j ≤ n− 1) ;
(31)
where the superscripts stand for diagonal, symmetric,
and anti-symmetric respectively. Sort Gdl in the ascend-
ing order of l, and Gsmn (G
a
mn) in the ascending order of
m and n respectively. Then, in the decoherence matrix
dn(t), only the upper-left (n − 1) × (n − 1) block dBn(t)
is non-trivial, i.e., all the other matrix elements are 0.
Consequently, dn(t) ≥ 0 is equivalent to dBn(t) ≥ 0.
As a simple example, consider the case n = 2. dBn(t) is
thus simply a scalar as
dB2 (t) = [−Re(η˙(t))]1×1 . (32)
Therefore, E2(t, 0) is divisible if and only if Re(η˙(t)) ≤ 0.
Another example is when n = 3, one has
dB3 (t) =
(
−Re(η˙(t)) −Re(η˙(t))+2η˙∗(t)−η˙∗(2t)√
3
−Re(η˙(t))+2η˙(t)−η˙(2t)√
3
−Re(η˙(t))+2 Re(η˙(2t))√
3
)
.
(33)
It is positive-semidefinite if and only if Re(η˙(t)) ≤ 0 and∣∣dB3 (t)∣∣ ≥ 0 [44]. Note that ∣∣dB3 (t)∣∣ is related to the imag-
inary part of η(t). In this sense, divisibility is also related
to the phase information of the system.
For n > 3, one can also derive the corresponding
divisibility condition. All these conditions form a hi-
erarchy [43]. If for some n, the condition is violated,
the dynamics characterized by {E(t, 0), t ≥ 0} is non-
Markovian. Generally speaking, the real part of η(t) is
a non-monotonic function, thus violating the divisibility
condition given by the case n = 2. Therefore, our model
possesses non-Markovianity.
B. Correlation function and quantum regression
formula
Calculations of correlation functions of open quantum
systems are usually rather complex as the total Hilbert
spaces are quite involved [37]. Under certain conditions,
it is possible to evaluate those correlation functions only
on the system Hilbert space, which therefore greatly re-
duces the computation complexity. This is well-known as
the quantum regression formula [4, 45]. Furthermore, it
has been shown that the violation of quantum regression
formula, to some extent, implies the system dynamics is
non-Markovian [19, 34]. That is, for any two system op-
erators A and B, the system dynamics is Markovian if
and only if the correlation function 〈A(t)B(t+ τ)〉 satis-
fies that for τ ≥ 0,
〈A(t)B(t+ τ)〉 = TrS [BE(t+ τ, t) [ρS(t)A]] , (34)
where E(t + τ, t) is the dynamical map within the time
interval from t to t+ τ [4].
In this subsection, we will use this criterion to demon-
strate the non-Markovianity of the boson-boson pure-
dephasing model. We will first calculate the two-time
correlation function 〈b(t)b(t + τ)〉, and then compare
it with the result from quantum regression formula
Eq. (34).
The time evolution of the system annihilation operator
b can be easily evaluated in the Heisenberg picture. It
follows from Eqs. (2)-(4) that
b(t) = e−i(ωS+
∑
k λknˆk)tb . (35)
The correlation function 〈b(t)b(t+τ)〉 then can be directly
calculated as
〈b(t)b(t+ τ)〉 = Tr [b(t)b(t+ τ)ρS(0)⊗ ρB ]
= e−iωS(2t+τ)〈e−i(2t+τ)
∑
k λknˆk〉〈b2〉
= e−iωS(2t+τ)eη(2t+τ)〈b2〉 , (36)
where 〈b2〉 = TrS{ρS(0)b2}.
Now we proceed with the calculation of quantum re-
gression formula. First note that for t ≥ 0 and τ ≥ 0, we
have
E(t+ τ, t)X =
∑
m,n
Xmne
−i(m−n)ωSτeη((m−n)τ) , (37)
whereX =
∑
m,nXmn|m〉〈n|. According to the quantum
regression formula in Eq. (34), we have
〈b(t)b(t+ τ)〉QRF = TrS {bE(t+ τ, t) [ρS(t)b]} . (38)
Because ρS(t) is in the form of Eq. (6), and E(t + τ, t)
satisfies Eq. (37), Eq. (38) can be transformed to
〈b(t)b(t+ τ)〉QRF = e−iωS(2t+τ)eη(2t)+η(τ)〈b2〉 . (39)
6Obviously, 〈b(t)b(t+τ)〉 = 〈b(t)b(t+τ)〉QRF if and only
if
η(2t+ τ) = η(2t) + η(τ) , (40)
i.e., η(t) is linear in t and η(0) = 0. Generally speak-
ing, η(t) in our model does not satisfy this condition,
meaning that our model is intrinsically a non-Markovian
system in the sense of violating the quantum regression
formula [32].
C. Non-Markovianity characterized in terms of
Wigner function
Quantum systems with continuous variables are often
described by the Wigner function [36]. In this subsection,
we characterize the memory effect in our boson-boson
model using the Wigner function.
The Wigner function of a density matrix ρ(t) is usually
defined by [35]
W (γ, t) =
1
pi2
∫
d2ξeξ
∗γ−ξγ∗Tr{ρ(t)eξb†−ξ∗b} . (41)
In Ref. [46], the notion called quantumness with respect
to the Wigner function W (γ) is defined as
δ(t) =
1
2
(∫
d2γ |W (γ, t)| − 1
)
, (42)
which can be interpreted as the summation of all the neg-
ative probabilities. It has been shown in Ref. [47] that
the decreasing of δ(t) is a signature of decoherence. In
the following discussion, let us reconsider the last sce-
nario discussed in Sec. II B where gω = ω
s and λω = fω.
We show that the changes in quantumness do capture
the memory effect in our model and the result is consis-
tent with the discussion on the dephasing function η(t)
in Sec. II B.
In particular, we choose the initial state as the
Schro¨dinger cat state (|α〉 + |−α〉)/N , where |α〉 and
|−α〉 denote coherent states, α ≥ 0, and N =√
2(1 + e−2α2) [35]. The corresponding Wigner function
then reads
W (γ, t) =
2e−2|γ|
2
pi(1 + e−2α2)
[
e−2α
2
I0(x) + J0(x) +
∞∑
k=1
(
e−2α
2
I2k(x) + J2k(x)
)(
eη(2kt)−i2k(ω0t+arg γ) + c. c.
)]
, (43)
where x = 4α|γ|; I0(x) and I2k(x) denote the modified
Bessel functions of the first kind [40]; J0(x) and J2k(x)
denote the Bessel functions of the first kind [40]; and η(t)
satisfies Eq. (13). We plot the corresponding quantum-
ness in Fig. 2(a), as a function of time t (see Eq. (42)).
Note that for better illustrating the properties of quan-
tumness, we have subtracted a constant δc from it, which
denotes the contribution from time-independent terms in
the Wigner function, i.e.,
δc =
1
2
(∫
d2γ |Wc(γ)| − 1
)
, (44)
where Wc is the first two terms in Eq. (43).
In the numerical simulation, we have set λω = ω, T to
be 1, and vary the parameter s, as shown in Fig. 2(a).
δ(t) is a non-monotonic function when s is set to 1 or
2, indicating there should be information back flow be-
tween the system and bath which leads to that partial re-
currence in quantumness. Such non-monotonic property
therefore can be taken as a signature of quantum non-
Markovianity. When s = 0, δ(t) decays monotonically.
However, it is not sufficient to justify that the dynamics
is Markovian as we have merely verified it with one initial
state [32, 41].
The conclusion we draw here is further supported by
revisiting the discussion on the divisibility of our model
in Sec. IV A. Recall that we have shown the dynamics in
our model is non-Markovian (in the sense of divisibility)
if the real part of η(t) is a non-monotonic function. In
fact, with exact the same setting of parameters, we find
that the properties of Re(η) are consistent with δ(t) as
shown in Fig. 2(b). In particular, they both show non-
monotonic property when s is set to 1 and 2, and decay
monotonically in the case of s = 0.
V. CONCLUSIONS
In this paper, we propose a boson-boson pure-
dephasing model where the system and the bath inter-
act through cross-Kerr interaction. It is shown that the
system dynamics can be characterized by the dephasing
function η(t), which is induced by the thermal fluctu-
ations in the bath. By studying the properties of the
function for several typical cases, we illustrate that there
exist memory effects in the dynamics. Moreover, our
model can reproduce the pure-dephasing dynamics of a
spin. We show that the dynamics differs from the pure-
dephasing dynamics of the well-known spin-boson model
by the dephasing mechanisms, therefore showing different
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FIG. 2. Plots of δ(t) − δc and Re(η(t)). The initial state is
chosen to be the Schro¨dinger cat state (|α〉 + |−α〉)/N with
α = 1.5. f = 1 and T = 1. The red dot in the plots represent
the minimum of the corresponding function.
dependence on the temperature T , the density of states
gω and the coupling strength function λω.
We also study the non-Markovianity with respect to
two different definitions, i.e., divisibility and quantum
regression formula. The condition of divisibility is gen-
erally characterized by a set of inequalities. Specifically,
for a qubit system, this condition is equivalent to the
monotonic decay of the moduli of the off-diagonal ele-
ments of the system density matrix. We also show that
our model does not satisfy the so-called quantum regres-
sion formula. As this is stronger concept of quantum
Markovianity than divisibility, we could regard that our
model is generically non-Markovian. We also explore the
possibility of characterizing quantum non-Markovianity
from the perspective of quantumness, a concept derived
from Wigner function. For our model, we demonstrate
this approach shows a consistent result in witnessing
non-Markovianity comparing to divisibility. However,
whether the result holds for general cases could be the
work of future study.
Finally, it is worth pointing out that the cross-Kerr
interaction can be interpreted as the collision interac-
tion that does not exchange energy or momentum. This
means our model is a simplification of more general
bosonic collisional systems. In specific, the fundamen-
tal mechanism of Bose-Einstein condensation is colliding
interaction [48]. If the condensed part is considered as
a system and non-condensed part as a bath, the inter-
action Hamiltonian is similar to our model. In fact, for
future study, by allowing momenta-exchange terms in our
model, it may provide a new perspective in characterizing
the Bose-Einstein condensation.
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